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dW dW 

Evidently revolving -^ — through 90° gives coincidence with -= — , or 

.8W _dW 

dx dy ' 

which is Riemann's condition of functionality. 



INTEGRATION OF ELLIPTIC INTEGRALS. 



By G. B. M. ZEES, A. M., Ph. D., Professor of Chemistry and Physics, The Temple College, Philadelphia, Pa. 



Let e i =f 



[Continued from October Number.] 



e' e. 5 eJ e*„_i 



~2±e*~' s_ "2±^' ° 3 ~ 2±e.f ' '"" ' " _ 2±e 2 „_, * 
[{l±e' i sin 2 fi){l±e s C(,s-8)]i = R, 
[(l-e 1 2 sin 2 2#)(l±e 8 sin 8 0)(l±e 2 cos 2 0)]4 = R u 
[(l-e s 2 sin 2 4^)(l-e 1 8 sin 2 2(/)(l±e 3 sin 2 «)(l±e 8 cos s ^)]5 = fi s , 
[(l-e s 2 sin 2 8#)(l-e s 2 sin 2 4#)(l-e 1 2 sin 8 2^)(l±e 2 sin 2 #)(l±e 2 cos 2 #)]=7? 3 

L(l-e K 2 sin 2 2»#j(l-e 2 TC _ 1 sin22«- 1 6'). . . .(l~e 3 2 sin 8 80) 
[(l-e s 2 sin 2 4(9)(l~e 1 2 sin 2 26')(l±6 2 sin 2 #)(l±e 8 cos 8 #)] ...R n . 
But R=[l±e*(.a\T\W+co8*tt)+e*aiia s ticoB t 0'\h =[l±e 1 +ie i s\n 2 20]h 

=4[(2±« 2 ) 2 -« 4 cos 8 2tf]i = i(2±e 2 )[l-e 1 8 sin 8 (i^-2fl)]^ . 
Let \n-2ti=cp. ThendO=-id<p. 

.-. C*Rd0=l(2±e*) C*" i/(l -e* sin* <p)d<p 

•' J -lir 

=J(2±e 2 ) C\<'(l-e*8m*<p)d<p--=h{2±e S! )E(.e u ix) (85). 

■' o 

fl'dti 2 fl* dq> 2 
J o Jt = 2±T*J „ 1 /(l-« 1 «8in»9») = 2±T«* Xei ' }?r) (86) " 
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-Bi=J(2±« s )[(l-e 1 s sin 2 2tf)(l-e 1 2 cos 2 26')]4 

= l(2±e s )(2-e 1 s )[l-e 8 2 sin s (^-4^. 
Let (Jar-4#)=/. .-. dff=— id/. 

J""iir /"Sir Mir /"^ir /^ir 

/?icW=i I i? ] d/=i) #,d/.+H R x d>.=\\ R^d>. 
•' — 43ir Jo J ^ 

+ t f X<£A= P"i?,^.=i(2±e s )(2-e 1 2 ) f V'U- e s 2 sin 2 /)d/. 

=i(2±e 2 )(2-e, 2 )£(e s , Jar) (87). 

o^ 4 /o^ = 72- ± e 2 )(2-e 1 2 ) ^ 2 -^ (88) " 

Similarly, f 4 i?. > d#=K2±e 2 )(2-« 1 2 )(2-« 2 2 )E(e3, Jt) (89). 

J o 

JT^ = (2±>')(2-^)C2-./) ^'*' r) (90) - 

J^ 3 ^=~ i (2±e 2 )(2-e 1 2 )(2-e s 2 )(2-e 3 2 )£( e4 , Jar) (91). 

J* R„^==-^(2±« 2 )(2-e, 2 )(2-e s 2 ). . . .(2-e„ 2 )£(e„ +1 . J») (93). 

J „ RT (2±e 2 )(2- ei 2 )(2- e , 2 ) . . . .(2-0^ ' X ' ^ (94) ' 

f °(l-e 2 cos 2 fl)4( 2m + 1 )^= P'[l-« s sin 2 (i-T-6')]i[ 2m + 1 )^. 
Let im—0=[i. 
... f' ,r [l_essin 2 (in--#)]i( !!m + 1 )d^= f'(l-« 2 sin s ,?)j( 2m + 1 )d / J 

f|ir 
(1— e 2 sin 2 /i) m |/(l— e 2 sin 2 ,3)d,5=Af, suppose, 
o 

Let m=0. .-. M= C \/{\- e 2 8in*,3)d,S=.E(e, Jtt). 

•^ o 
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Let »)i=l. .-. M—C '(l-e s sin s /?) v / (l-e 8 sin s / 5)^3. 
J o 

From (2) and (8), Jlf=i[2(2-e 2 ).E(e, i*)-(l-e s )*'(e, J*)] (95). 

Let m=2. .-. M= f (l-e 8 8in 8 /?)V(l-e 8 sin 8 ,3)d/3. 
•^ o 

From (2), (8), and (15), 

A/= T i 5 [(23-23e s -8e*)£(e, i^)-4(2-3e s +6*)F(e, lw)] (96), 

and so on for other values of m. 

/h" dti 1 
Tk ; ,„,„^,,,, , let tantf=— -- jr-tanft 1 . 
o (1— e 8 cos 8 #)* (2m+1 > j/(l — e 8 ) 

'••J T(i-.^%)^ ^°a^iT (1 -' l8in ' J)l(, "" 1)JJ ' 

a form like preceding. When m=0 we get 

r i ",/(l_ e 2 C os^)rf6'= pV(l-« s sin s »)rffi'=£ , (e, i?r). 

Jo ,/(l-e 2 cos*0) ~ J o T /(l-e 8 sin 8 0) * w ' **>■ 

By letting cot;-=-— : ^-cot#, we get 

1/(1 — e ) 

„ (l-eW^+i) =(WyJ a-e>cos*r)^-»dr, a previous form. 
Letting tan 8 <?= 8 tan 8 fl, we get 

J o (l~CCOS 8 #)(l-fi s COS s #)M2m+l)' 

"•!»■ (1— ^sinM^+W 



1 n? 

~ (l-c)(l-e 8 ) w J 



c)(l e 8 )» J o (1 + _e_e 2 gin2( y )i/(1 _ eSsin8( y ) 

We will now proceed to more general work. 

cos i 0dO 



C i/(l-e 8 sin 8 0)<J0 . f cos ! 

I -L-i :- i7j — =-cot<V(l-e 8 sin 8 0)- e 8 I -^ — 

J sin 8 ./ ]/(! — < 



-e 8 sin 8 0) 
=(l-e 8 )F(e, &)-E(e, O)-cotti l /a-e s s\xi*0)=u 1 . . . .(97). 
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I 5-5 — ' — =tanffi/(l — e 8 sm e ^+e 8 I — -^ „ . ,..■ - 

J cos 8 v ' J 7/(1— e 8 sin 8 tf) 

=.F(e, 0)-E(e, 0)+tanO ] /(l-e 2 8in i ff)=B 1 (98). 

r dV 2 r gg /» !/(! — e 8 Bin 8 f)t?g 

J sin' 0/(1 -e 8 Bin*0) ~ 6 J 1 /(l-e*sin 8 0) + J sin*fl 

=F(e, (f)-E(e, d)-cot0- l /{l-eHh^ 0)=V i (99). 

/» d# 1 / y(l— e 8 8in*tf)rffl e 8 /■ rffl 

J 008*^/(1 — e 8 sin'^ — 1— e s J cos 2 l-e 2 J -|/U— e*ain*0) 

=f(«, »)- 7-^r^e, «+ 1 ^ 1 /(l-e 2 sin 8 0)=S 1 (100). 

J B in*0 ~ 3 \ B in»ff Hin0/'' U J + 3 J T /(l-e 2 sin 2 0) 

_e* T dff 2s 2 f coB*0d0 __ 2(l-e 2 ) _ 

3 J sin 2 #,/(l-e2sin- , #) 3 J T /(l-e 8 siii 8 0) "~ 3 U ' ) 

v ; .E(e, 6')--^-^-i-cot^|/(l-e 8 sin 2 0)~^ srw1 /(l-6 2 sin 2 (9)==i7 2 ..(101). 

f ,/(l-f* B in»fl)dfl _ rin#M , J_\ ,!_,,,.„,. 
J cos*0 ~~ 3 lco8«rco8#J ,A1 « Bin tf) 

+ irJ cos s 1 /(l-e 2 sin s #) 3 J i/(l-e 3 sin B tf) + 3 J j/(l-e*sin*0) 
=»^«. *>-ffS^' ^)+|^tan0 | /(l-, 2 sin 2 ) 



sin# 
3eos 3 ^ 



^ri/(l-««8in»#;=2J t (102). 



J ~sTn*«i|/(l— e 2 sin s fl) ~~ 6 J sm 2 6y(l — e 2 sin*#) + J sin 4 # 

= <?±p-*., .)-?ii±^«. 1 0,-*i+^cotV(l-«'"in-'> 
3 o o 

-W2ri /(1 -« ,rin, ^ F - (103). 

J cos 4 #|/(l^e 8 srii 8 ») — l-e 2 J eos*fl l-e 2 J cos 2 0/(1 -^sinW; 
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(2-3e') EV _ ^ 2(l-2«») ^ ^ , 2(1 -2«») 

sinfl 



"37^ »>"|S^ ^l^tanVd-^in.) 



+ 8(l-.')co..^ 1 -'' ,,in ''> = *- (1 ° 4) - 

/• l /( l-«»8i n*fl)dfl costf/ 1 4 8 \ 

J ra = -^(ih^+^n^-+3S^J^ (1 - esin ^ 

5 J 8in*flj/(l~ e 3 sin 2 6>) IsJ sin s ^,/(l- e s sin 8 0) + ~T5J v -'(l-e 2 sin s #) 

8e! f «>8'IW _(8 -7e*-e*) (8-3 «'-2g*) 
~ irJ ,/(l-«» B in»0)~ 15 Fie ' 0) 15 E(e ' 6) 

_ (8-8.«-jo , il^H^a^^ 

15 ' 15 sm'tf 1 ^ 

" -S!Pr /(1 - 6,Bin, ^= tr a -(105). 

f l/(l-g»gin»g)dg _Binfy 1 4 8 \ . 

J ^s^ _ ~5\co S 50 + 3co8»0 + '8a»ff/* /U ~ e J 

+ 5 J cos 4 6' ) /(l-e 3 sin s iy) 15J cos'0,/(l-e»Bin*0) 1 5 J T /(l-e*sin*6') 
, 8«» f Bin'grfg (8-9e 2 ) ( 8-13e«+8««) „,. „. 

, 8-13e 8 +3e* a .., . . _ , 4-3e s sin0 .,, , . „„ 

r <w = s r dfi r v /(i-e i sm l 0)dQ 

J sin«V( 1 -« Ssin26 ') ~ * ^ 8in*VU-e s sin*0) + J sin 6 

- <i±Z!li*i),.„V(l— ! in-») -ia+il>.^ F -(I-.. !l „. ff ,= F, . .(107). 

15 F ' 15 sin 3 d ' 

[To be Concluded.] 



